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In this paper, we study a class of higher derivative, non-local gravity which admits homogeneous
and isotropic non-singular, bouncing universes in the absence of matter. At the linearized level, the
theory propagates only a scalar degree of freedom, and no vector or tensor modes. The scalar can
be made free from perturbative ghost instabilities, and has oscillatory and bounded evolution across
the bounce.
Bouncing cosmologies have been an attractive
paradigm for resolving the Big Bang singularity, which
is inevitable in General Relativity (GR) under reason-
able assumptions [1]. They have been studied in var-
ious approaches to quantum gravity like string theory
[2, 3] and loop quantum gravity [4]. Bouncing solu-
tions are typically found by modifying the matter sec-
tor by adding fields which violate the null energy condi-
tion (NEC), and/or by modifying GR, for instance, by
adding higher derivative terms to the Einstein-Hilbert
(EH) action [1, 5–10]. NEC violation and higher deriva-
tive actions generally imply sicknesses in the form of
ghost (fields with wrong-sign kinetic terms) and gradient
instabilities. Another problem with bouncing cosmolo-
gies is the growth of vector (metric and matter) modes
with time during the contraction phase, thereby invali-
dating perturbation theory [7]. In some bouncing models,
scalar modes for a certain range of wavelengths can also
grow [11]. Of central importance is then the question
of finding a healthy, non-singular bouncing scenario with
bounded amplitudes of perturbations.
In the context of higher derivative modified gravity,
quadratic scalar curvature (R + R2) is an interesting
model to consider when hunting for non-singular solu-
tions [12, 13]. After adding a cosmological constant to
R+R2 theory, one can indeed obtain bouncing solutions,
but which nevertheless are plagued by the presence of
negative radiation energy density ρ < 0. Extending the
action by adding an arbitrary number of higher derivative
terms typically leads to ghost degrees of freedom around,
for instance, flat space and (A)dS. On the other hand,
an infinite covariant derivative, non-local extension can
potentially resolve the problem of ghosts, by choosing a
suitable function that captures all order derivative terms
in the action. In this non-local quadratic scalar curva-
ture model, bouncing solutions were found with ρ > 0,
around spatially flat, homogeneous and isotropic back-
grounds [14–19]. The stability of scalar perturbations
around these solutions in the presence of radiation was
studied in [15, 20]. One can deduce that the presence of
radiation implies growth of vector perturbations during
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the contraction phase [21].
So far, infinite derivative gravity theories have been
constructed to be ghost-free around flat space [17, 22–
24] and (A)dS [25, 26]. In an arbitrary background,
inevitable mixing of scalar-vector-tensor (SVT) modes
makes the task of removing ghosts challenging, but one
can still remove them around specific non-maximally
symmetric backgrounds [27].
In this paper, we find a class of non-local R + RFR
theory with a cosmological constant which is ghost-free
around homogeneous and isotropic bouncing cosmologi-
cal backgrounds. F is the non-local term (discussed be-
low) essential for avoiding ghosts. To the best of our
knowledge, we show for the first time that a class of
higher derivative gravity can give stable, non-singular
bouncing scenarios, in the absence of matter, and with-
out any vector or tensor modes at the linearized level
around a time dependent background. Only one scalar
mode survives, which can be made ghost-free, and ex-
hibits bounded, oscillatory evolution across the bounce.
The metric signature is (−+++), overbars on quantities
like R¯ indicate their background value, and ~ = c = 1.
Non-local generalization of R + R2 by adding an infi-
nite series of covariant derivatives reads [14]
S =
ˆ
d4x
√−g
[
M2p
2
R+RF()R− Λ
]
(1)
where Λ is the cosmological constant, the form factor
F() is an arbitrary analytic1 function of d’Alembertian,
 = gµν∇µ∇ν , containing all orders of . It has
the power series expansion F() = ∑∞n=0 fnns , where
fn are dimensionless coefficients, dimensionless s =
/M2s , and Ms(< Mp ∼ 1018 GeV) is a new high energy
scale of non-locality below the Planck scale Mp. The
equations of motion (EOM) of Eq.(1) are [28]
Eµν ≡−
[
M2p + 4F()R
]
Gµν −RF()Rδµν
+ 4 (∇µ∂ν − δµν)F()R+ 2Kµν
− δµν(Kσσ + K˜)− Λδµν = 0
(2)
where Kµν = 1M2s
∑∞
n=1 fn
∑n−1
l=0 (∂
µlsR) (∂νn−l−1s R)
and K˜ = ∑∞n=1 fn∑n−1l=0 (lsR) (n−ls R). The trace EOM
1 Analyticity is needed to recover GR at low energies
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M2p − 12F()
)
R− 2Kµµ − 4K˜ − 4Λ = 0. (3)
The structure of the form factor F() is determined
by finding the second order action around a fixed back-
ground and demanding that all perturbations be ghost-
free. Note that most of the upcoming computations
are carried out covariantly. Solving the EOM Eq.(2) in
full generality is non-trivial but the following ansatz for
the background Ricci scalar helps in making headway
[14, 15, 20]
¯R¯ = r1R¯+ r2 (4)
where r1 and r2 are dimensionful constant parameters.
The ansatz Eq.(4) is essentially the trace EOM of local
R+R2 theory with a cosmological constant given by L =
M2p
2 R+ f0R
2 − Λ [14]. The ansatz is solved by bouncing
backgrounds with cosine hyperbolic and exponential type
scale factors, as we will see soon. Straightforwardly, we
then obtain
¯nR¯ = rn1
(
R¯+
r2
r1
)
=⇒ F(¯)R¯ = F1R¯+ F2 (5)
where
F1 = F(r1) and F2 = r2
r1
(F1 − f0) (6)
are constants. Substituting the ansatz Eq.(4) in the
EOM Eq.(2) and trace EOM Eq.(3) gives us the following
unique conditions on the form factor F(¯)
F1 = F ′(r1) = 0, F2 = −
M2p
4
, Λ = −M
2
p
4
r2
r1
(7)
where F ′(r1) denotes the derivative of F(¯) with respect
to ¯s, evaluated at ¯ = r1. From Eqs. (6) and (7), we
can deduce that
f0 < 0 for Λ > 0 , f0 > 0 for Λ < 0 . (8)
Note that in Ref.[15, 20], bouncing solutions and linear
perturbations were studied in the presence of fluid radi-
ation, which corresponds to the case when F1 < 0. In
this paper, we emphasize that a bounce can be achieved
in the theory satisfying the conditions in Eq.(7), without
requiring any radiation/matter.
We now study perturbations and their stability around
backgrounds satisfying the ansatz Eq.(4) in two, equiv-
alent ways - both at the linearized level of EOM, and
at the quadratic level of the action. Linearizing the full
EOM Eq.(2) and trace EOM Eq.(3) around the back-
ground given by Eq.(4), and substituting the conditions
in Eq.(7), we obtain, respectively
δEµν =
[(
4G¯µν + 2δ
µ
νR¯− 4(∇¯µ∇¯ν − δµν¯)
)
(¯− r1)− 2(∂νR¯∂µ + ∂µR¯∂ν) + 2δµν(∂σR¯∂σ + ¯R¯)
]
Z(¯)ζ = 0
δE =
[
∂µR¯∂µ + 2(r1R¯+ r2) + 3(¯− r1)2 + (R¯+ 3r1)(¯− r1)
]
Z(¯)ζ = 0 .
(9)
where
ζ = δ()R¯+ (¯− r1)δR (10)
and
Z(¯) = F(¯)
(¯− r1)2 . (11)
Note that the perturbed EOM Eq.(9) has only one per-
turbation variable ζ, and we will shortly see that this
leads to interesting physics. One may wonder about the
absence in Eq.(9) of the perturbation of Einstein tensor
from GR. This can be easily understood since the follow-
ing coefficient of Einstein tensor in Eq.(2) vanishes upon
using the conditions in Eq.(7)
[M2p + 4F(¯)R¯] = 0 . (12)
From the i 6= j perturbed EOM in Eq.(9), we ultimately
obtain the simple EOM for ζ
Z(¯)ζ = 0 . (13)
To deduce the kinetic structure of ζ and, therefore,
the (background dependent) ghost-free form factor F(¯),
we compute the second variation of the action Eq. (1)
around Eq. (4), imposing further the conditions F1 =
0, F2 = −M
2
p
4
3δ2S =
ˆ
d4x
√−g¯
{
M2p
4
(δGR − δ(2)R)− Λ
(
h2
8
− 1
4
hµνh
µν
)
+
h
2
R¯F(¯)δR+ h
2
R¯δF()R¯+ δRδF()R¯
+ R¯δF()δR+ R¯δ(2)F()R¯
} (14)
where
√−g¯ δGR ≡ δ(2)(√−gR) and δ(2)R is the second
variation of R. After considerable manipulation of terms
in Eq.(14) (see Appendix (A) for some useful formulas),
the quadratic action remarkably simplifies to
δ2S =
ˆ
d4x
√−g¯ ζZ(¯)ζ. (15)
As expected, at the quadratic level of the action, the pres-
ence of the sole variable, ζ, is consistent with our earlier
result obtained from the linearized EOM in Eq.(13)2 -
by varying δ2S with respect to ζ, we exactly recover the
linearized EOM for ζ.
To clearly expose the physical degrees of freedom in
our theory at the level of the quadratic action, we study
SVT modes in the context of (1+3) cosmological per-
turbation theory [30]. We fix the background g¯µν to
be spatially flat Friedmann-Lemaître-Robertson-Walker
(FLRW) given by the line element ds2 = −dt2+a(t)2d~x2,
a(t) being the scale factor, satisfying the ansatz Eq.(4).
We write the full metric as gµν = g¯µν + hµν , where hµν
is the perturbation. In longitudinal gauge, hµν has com-
ponents
h00 = a
2 (−2φ) , h0i = a2(Bˆi), hij = a2(−2ψδij + 2hˆij),
(16)
so that hµν has 6 degrees of freedom (2S+2V+2T) af-
ter gauge fixing3 [21]. Note that ∂iBˆi = ∂ihˆij = hˆ ii = 0.
Given this decomposition, it is straightforward to see that
ζ (defined in Eq.(10)) is a linear combination of φ and
ψ, and therefore is effectively a scalar under SO(3). The
quadratic action Eq.(15) then solely has one scalar prop-
agating degree of freedom ζ. It is easy to understand
why the vector Bˆi and tensor mode hˆij are absent. The
background conditions we imposed, see Eq.(7), lead to
the removal of vector and tensor modes that could poten-
tially come from the term proportional toM2p in Eq.(14).
All other terms in δ2S generate only scalars in terms of φ
and ψ. This confirms the result we had obtained earlier
from the linearized EOM.
For the theory to have no extra degrees of freedom or
ghosts at the quadratic level of the action in Eq.(15), the
2 Our result Eq.(15) turns out to be the same as the non-local
part of the quadratic action around an inflationary background
satisfying ¯R¯ = r1R¯ [29]
3 The longitudinal gauge removes 2 scalar and 2 vector degrees of
freedom from the original total of 10 in hµν
kinetic operator Z(¯) can have at most a single zero ac-
cording to the Weierstrass product theorem. For the case
of Λ > 0 (see Eq.(8)), we therefore make the following
minimal choice for F(¯) (see Eq.(11)) satisfying all the
necessary conditions in Eq.(7)
F(¯) = 1
M6s
(
¯−m2) (¯− r1)2 eγ(¯) (17)
where m2 ≥ 0 is some arbitrary mass scale and γ is an
arbitrary entire function of ¯/M2s . This choice ensures
that the kinetic term for ζ has only one zero at ¯ = m2.
Note that the kinetic term for ζ has the correct sign to
avoid ghosts. Similarly, for the case of Λ < 0, the minimal
choice for F(¯) would be one without any zeros for Z(¯)
F(¯) = 1
M4s
(¯− r1)2eγ(¯). (18)
In this case, ζ contains no poles in the propagator and
acts like a p-adic scalar [31].
We now specialize to known bouncing solutions [14, 15,
32]. They all satisfy the ansatz Eq.(4), are vacuum so-
lutions of the non-local theory Eq.(1), and possess only
a single ghost-free scalar mode (and no vector or ten-
sor modes) around the bouncing background at the lin-
earized level when the non-local form factor F(¯) is cho-
sen appropriately as just discussed
1. Cosine hyperbolic bounce with a(t) =
a0 cosh(
√
r1/2t). In this case, Λ > 0.
2. Exponential bounce with a(t) = a0e
λ
2 t
2
. In this
case, Λ > 0 for λ > 0 and Λ < 0 for λ < 0. For
λ > 0 we have contraction followed by expansion
like in a usual bounce. For λ < 0, the universe
reaches a maximum scale factor at t = 0 and then
starts to decrease in size. This is also a possible
way the Big Bang singularity could be resolved.
3. Cyclic universe: This scenario was numerically
studied in [15]. It was found that in the case of
Λ < 0, there exists a cyclic scenario where the uni-
verse undergoes multiple bounces.
Let us restrict to the case of Λ > 0 and a cosine hy-
perbolic bounce, in which case F(¯) is given by Eq.(17).
For a stable bounce, we would require the perturbation ζ
to be well behaved in time. All solutions of the non-local
4EOM for ζ in Eq.(13), for F(¯) given in Eq.(17), are
captured by solutions of the local equation(
¯−m2) ζ = 0 (19)
because the non-local factor eγ(¯) does not introduce any
new poles in the propagator [14, 31]. Setting a0 = 1, r1 =
m2 = M2s for the cosine hyperbolic bounce, the generic
solution of Eq.(19) in Fourier space looks like
ζk(z) = c1H
(+)
k (z) + c2H
(−)
k (z) , (20)
where
H±k =
√
e
√
2z
1 + e
√
2z

(
1± i
√
e
√
2z
)2
1 + e
√
2z

√
2k2
M2s
+1
, (21)
where z = Mst and c1,2 are constants. We can easily
deduce that ζk is real for c1 = c2. Here, we do not
quantize ζ and merely wish to observe how it evolves
classically through the bouncing phase. We have shown
the solution ζk in Figure. 1, where we can see that it is
oscillatory and bounded for the chosen values of c1,2 and
k. This behaviour persists to hold for any value of k with
increasing number of bounded oscillations as k → ∞.
We do not present here the solutions for ζ around other
bouncing backgrounds mentioned earlier since the nature
of perturbations remains very similar to that of cosine
hyperbolic bounce.
For the case of cosine hyperbolic bounce, we will have a
de Sitter (inflationary) evolution as a late time attractor
[14, 16, 20, 33]. We can observe from Fig. 1 that ζ →
0 in the late time leading to
(
¯− r1
)
δR → 0. This
observation confirms that we exactly recover the late time
behavior of scalar fluctuations found in Ref.[20].
There is also the intriguing possibility of a phase of su-
per inflation after cosine hyperbolic bounce, and before
cosmic inflation. This makes this type of bounce an in-
teresting framework for explaining low multipoles in the
observed data for cosmic microwave background radia-
tion [34]. It is important to note that the late time de
Sitter stage is significantly different in our case compared
to [20], because of the absence of any tensor modes due
to our background conditions in Eq.(7). It is worth men-
tioning here an analogous study of special (A)dS back-
grounds with only a scalar propagating degree of free-
dom, albeit with a different choice of ghost-free form fac-
tor found in Ref.[27].
To summarize, we have found a simple model of non-
singular, homogeneous and isotropic bouncing cosmology
in vacuum with spatially flat geometry. Moreover, for
the background satisfying certain conditions, see Eq.(7),
there exists only a scalar perturbation at the linearized
level. There are no vector or tensor modes. Finding a
ghost-free form factor F(¯) around a dynamical back-
ground that leads to only a scalar propagating mode is
non-trivial and the main highlight of this paper. To our
knowledge, this is the first such study in infinite deriva-
tive theories of gravity. In a particular bouncing scenario,
we have explicitly shown the lone scalar propagating de-
gree of freedom is stable and its evolution is oscillatory
and bounded. Of course, these results are valid at the
linearized level in perturbation theory, and it would be
interesting to see what happens at higher orders.
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Figure 1: Evolution in cosmic time of a Fourier component of
the scalar mode ζk for cosine hyperbolic bounce. We have set
a0 = 1, r1 = m
2 = M2s , c1 = c2 = 0.1Ms and k = 20Ms (blue
curve) and k = 0 (red curve).
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Appendix A
Simplifying the quadratic action Eq.(14) and the lin-
earized EOM Eq.(9) involves using the formulas
δF() =
∞∑
n=1
n−1∑
l=0
fnlsδ(s)n−l−1s (A1)
and
δ(2)F() =
∞∑
n=1
n−1∑
l=0
fnlsδ(2)(s)n−l−1s
+ 2
∞∑
n=2
n−2∑
l=0
n−l−2∑
k=0
fnlsδ(s)ksδ(s)n−k−l−2s .
(A2)
Using these, the background ansatz Eq.(4) and condi-
tions in Eq.(7), we can simplify the last five terms in the
quadratic action by using the following relations
δ(F()R) = (¯− r1)Z(¯)ζ (A3)
5ˆ
d4x
√−g¯ R¯δF()δR =
ˆ
d4x
√−g¯
[(
R¯+
r2
r1
)
δ()Z(¯)(¯− r1)δR+ h
2
r2
r1
(F(¯)− f0)δR
]
.
ˆ
d4x
√−g¯ R¯δ(2)F()R¯ =
ˆ
d4x
√−g¯
[(
R¯+
r2
r1
)
δ()Z(¯)δ()R¯
+
h
2
r2
r1
(¯− r1)Z(¯)δ()R¯+
M2p
4r1
h
2
(
δ()R¯+ δ(2)()R¯
)]
.
(A4)
Substituting Eq.(A3) and Eq.(A4) in Eq.(14), using the following identity for some scalars X and Y , performing
numerous integration by parts and omitting total derivatives, we finally obtain the result in Eq.(15)
ˆ
d4x
√−g¯ Y δ()X =
ˆ
d4x
√−g¯
[
Xδ()Y − h
2
(
Y ¯X −X¯Y )] . (A5)
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